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Group - A
Answer any 4 questions from question numbers 1 to 6. [20 marks]

1. Let V be the vector space of all polynomial functions p from R into R which have degree 2

or less: p(x) = ¢o + c1x + coz®. Define three linear functionals on V by fi(p f p(x
2
= [ p(x)dz and f3(p f p(x)dz. Show that {f1, fa, f3} is a basis for V* by exhibiting
0
the basis for V' of which it is the dual. 5]

2. Let W be a finite dimensional subspace of an inner product space V, and let E be the orthog-
onal projection of V' on W. Prove that (E«a|f) = (o|Ep) for all a, 5 € V. 5]

3. Let V be the subspace of R[x] of polynomials of degree at most 3. Equip V' with the inner
product (f|g) f f(t)g(t)dt. Apply the Gram-Schmidt process to the basis {1, z, 2% z3}. [5]



10.

11.

12.

13.
14.
15.

16.

For the vector space R? and basis 8 = {(1,0,1),(1,2,1),(0,0,1)}, find the dual basis 5* for
V. [5]

4
. Let V be a complex vector space with an inner product ( | ). Prove that («|8) = § > i"[|a+

n=1

i"B||? for a, B € V. 5]
Describe explicitely all inner products of R2. 5]
Group - B

Answer all the questions. Maximum you can score is 30.

Let H be a subgroup of a group G. Define K = () g 'Hg. Prove that K is normal in G.
geG
Also prove that if L is a normal subgroup of G and L C H then L C K. [2+2]

. Let G be group of order 8 and let = be an element of G of order 4. Prove that 2% € Z(G). [4]

Show that (=5 = (R, +). 3]

Let R be a ring with 1 and a € R. If 3 a unique b € R such that ab =1,
prove that ba = 1. 2]

Prove that (P(N), A, () is a commutative ring with identity. Does the ring contain divisor of
zero? What is the characteristic of the ring? (Here P(N) denotes the power set of N). [34+1+1]

Find all units of (Zg, 4+, -). Prove that the units of Zg form a noncyclic group with respect to

multiplication. [4]
Show that the rings (2Z,+,-) and (3Z, +, -) are not isomorphic. 3]
Find all units of the ring Z[iv/5]. 3]
Show that 2 — i is irreducible in Z[i]. 3]

Let Q3 = {r € Q: r = § and gcd(a,b) = 1 = 3 does not divide b}. Show that Qs is a ring

with identity with usual addition and multiplication. Show also that all nonunits in Q3 form
a maximal ideal of Qj. [342]



